Abstract-In this letter, we consider how to combine neuronal signals from multiple electrodes to optimally predict behavioral choices from observed neural activity. The predictability is often quantified by the area under the receiver operating characteristic (ROC) curve, also called choice probability (CP) in neurophysiology. We exploit a distribution-free relaxation based multichannel signal combination (RELAX-MUSIC) approach that requires only simple pairwise combination and recursive implementation for optimizing the area under the ROC curve. A permutation test is employed to assess the statistical significance of the derived CP. We demonstrate that the RELAX-MUSIC approach outperforms the commonly used response pooling and Fisher linear discriminant (FLD) methods. The excellent performances of the RELAX-MUSIC approach for predicting perceptual decisions from neural activity are demonstrated via examples using simulated and experimental data.
I. INTRODUCTION
T HE RELATIONSHIP between perceptual reports or behavioral choices during ambiguous visual stimulation and single neuron activity has been extensively studied in the middle temporal (MT) visual area of macaque monkeys [1] , [2] . Recently, such a relationship has also been investigated in humans using single-trial EEG analysis [3] , [4] . By measuring the correlation between what a subject reports to see and how its neuronal activity changes during physically identical but perceptually ambiguous conditions, neuroscientists hope to learn more about the neuronal basis of perception and decision-making. The area under the receiver operating characteristic (ROC) curve, also termed choice probability (CP), can be used to quantify the relationship [1] . CP is a well-established index showing the probability that an ideal observer can correctly predict a subject's choices based on the neuronal activity;
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Z a maximum value of 1.0 corresponds to a perfect association between neuronal activity and behavior whereas a value of 0.5 arises from random assignment of a class by pure chance. From the single unit activity (SUA), it has been generally observed that choice probabilities have relatively modest values relative to the chance performance. It is therefore often assumed that large populations of neurons are pooled together to form the neuronal correlate of perceptual decisions [1] , [5] . It remains unknown how populations of neurons interact to produce a reliable basis for perceptual decisions. Several approaches have been used in previous studies. Response pooling, which perhaps is one of the most widely used pooling approaches, was considered in [5] . In this case, the performance can be improved by averaging across populations of neurons. Such a pooling approach, though simple and intuitive, cannot guarantee to always yield improved performance [6] , particularly with the presence of correlated noise [7] . Fisher linear discriminant (FLD) is another popular method for discriminating different classes [8] . Given the normal distribution for all classes, FLD, in fact, provides the maximum area under the ROC curve over all linear combinations [9] . The assumption of the normal distribution, however, may not be valid for neural data. Hence FLD may not yield the optimal performance over all linear combinations.
The central goal of this letter is to combine neuronal signals from multiple electrodes to maximize the predictive performance of ROC analysis. To achieve this goal we propose to use a distribution-free relaxation based multichannel signal combination (RELAX-MUSIC) approach. Our method only requires simple pairwise combination and recursive implementation for optimizing the area under the ROC curve. We demonstrate that the RELAX-MUSIC approach outperforms the commonly used response pooling and FLD methods and therefore lends itself as an ideal method to integrate neuronal signals in multielectrode data.
II. METHODS

A. Experimental Paradigm and Recordings
SUA data used in this letter were recorded from the MT cortical area of two macaque monkeys performing a two alternative forced choice structure-from-motion (SFM) task. Intracortical recordings were conducted with a multielectrode array while the monkeys were viewing SFM stimuli, which consisted of an orthographic projection of a transparent sphere that was covered with randomly distributed dots on its entire surface. Each trial was initiated with a short period of fixation (300-500 ms), followed by the presentation of the SFM stimulus for 2000-3000 ms with an average interstimulus-interval of 2000 ms. The stimulus rotated for the entire period of presentation, giving the appearance of a three-dimensional sphere spinning in one of the two possible directions (clockwise or counterclockwise). The monkeys were required (and well trained) to indicate the choice of rotation direction by pushing one of two levers. This stimulus can be in either the neuron's "preferred" direction with stronger response or "nonpreferred" direction with weaker response. Data from two monkeys, totaling 20 sessions, were used. The CP analyses were performed by averaging over a time period from 200 ms to 800 ms after the stimulus onset for each single trial.
B. Data Model and ROC Curve
Assume that we have channels of neuronal signals and the multichannel data are denoted as a matrix , where is the number of trials. Each element of is the average firing rate over a time period from 200 ms to 800 ms after the stimulus onset for a single trial. The th row of denotes the data from the th channel and the th column of denotes the -channel data vector for the th trial. Assume that for each channel, we have trials corresponding to the preferred rotation direction and trials corresponding to the nonpreferred rotation direction of the neurons. Let and denote the index sets for trials corresponding to the preferred and nonpreferred rotation direction, respectively. Let denote a binary outcome for the rotation direction for individual neurons with for the preferred direction and for the nonpreferred direction. We model the relationship between and , the th column of by a generalized linear model (1) where is the -dimensional weight vector and means transpose. We predict the outcome for the th trial based on the linear combination . We classify if and if . If in (1) is a monotonically increasing link function, it follows from the Neyman-Pearson lemma that a prediction rule based on is optimal [10] .
The ROC curve is often used to evaluate the performance of a classifier and it is a curve of , where denotes the true positive (also known as hit) rate (TPR) at the threshold and is defined as (2) and denotes the false positive (also known as miss) rate (FPR) at the threshold and is defined as (3) One advantage of the ROC curve is that it enables evaluating classifier performance regardless of class distributions or error costs. The overall performance of the ROC curve can be summarized by the area under the ROC curve, also called CP, which can be written as (4) where is the indicator function, which is 1 if the inequality holds and 0 otherwise. Such a rank-based estimate of the CP is actually the Mann-Whitney U statistic or the Wilcoxon rank statistic [11] , usually computed to test whether the values of a variable in one population tend to be greater than another without assuming any distributions for the variable. The optimal ROC curve has the maximum CP, which can be used as the objective function to estimate the weight vector [12] . (5) When , the optimal weight vector can be found using a simple search routine given in [12] .
When , the CP maximization becomes difficult since the empirical CP in (4) is not a continuous function; the gradient-based methods are not possible. In this letter, we extend the approach in [12] to the case of high-dimensional data.
C. The RELAX-MUSIC Method
If the signals from more than two channels need to be combined, a multidimensional search is straightforward but it has too much computational load to be useful in practice.
As such, we propose to use a RELAX-MUSIC approach for the multichannel signal combination by exploiting a relaxation based algorithm, which was originally used for estimating sinusoidal parameters in the presence of noise [13] and later was used for angle and waveform estimation [14] . The RELAX-MUSIC approach requires only simple pairwise combination and recursive implementation for optimizing the area under the ROC curve. We next illustrate the RELAX-MUSIC approach, which consists of the following steps. Let denote the number of channels we wish to combine.
Step 1) Assume . Obtain all pairwise linear combinations using the method in the above section for combining two channels. Choose those two channels whose optimal linear combination yields the maximum CP. Take these two channels out from the channel pool and name them as Channel 1 and Channel 2, respectively. Name their optimal linear combination as Combined Channel 1-2.
Step 2) Assume . Choose the channel from the remainder of the channel pool so that its optimal linear combination with Combined Channel 1-2 yields the maximum CP. Take the channel out from the channel pool and name it as Channel 3. Name the optimal linear combination between Channel 3 and Combined Channel 1-2 as Combined Channel 1-2-3. Next, we do the following substeps. Find the optimal linear combination between Channel 1 and newly updated Combined Channel 1-2-3 and update the resulting combination as Combined Channel 1-2-3. Find the optimal linear combination between Channel 2 and newly updated Combined Channel 1-2-3 and update the resulting combination as Combined Channel 1-2-3. Find the optimal linear combination between Channel 3 and newly updated Combined Channel 1-2-3 and update the resulting combination as Combined Channel 1-2-3. Then iterate the previous substeps until "practical convergence" is achieved (to be discussed later on).
Step 3) Remaining steps: Continue similarly until is equal to the total number of channels in the multielectrode array. The "practical convergence" in the iterations of the algorithm may be determined by checking if the relative changes of the CP are sufficiently small or if a preset maximum number of iterations is reached.
III. RESULTS
In this section, we provide both simulated and experimental examples to compare the performances of the response pooling, FLD and RELAX-MUSIC approaches for predicting perceptual decisions from the neuronal data.
A. Simulations
In the simulated examples, the number of channels is set to 10. The number of trials used for either direction (preferred versus nonpreferred) is equal to 50. We assume the mean difference of simulated signals between these two directions is 0.05, the diagonal elements of the covariance matrix for each class are equal to 0.25 and all the other elements of the covariance matrix are equal to 0.05. The CP estimates from 100 Monte-Carlo simulations are given.
In the first example, the 10-channel signals are Gaussian distributed. Fig. 1 compares the CP mean and standard error estimates obtained via the response pooling, FLD and RELAX-MUSIC approaches as the number of channels combined increases from 1 to 10. It is clear that the CP mean estimates obtained via FLD and RELAX-MUSIC increase considerably with the number of channels combined (about 0.67 and 0.70, respectively, when 10 channels are combined), while the CP mean estimates obtained via response pooling only increase slightly with the number of channels combined (about 0.55 when 10 channels are combined). Note that the RELAX-MUSIC approach consistently performs the best among all the methods used. The reason that FLD has not provided the maximum area under the ROC curve is that in practice the class means and covariance matrices are not available but have to be estimated from the data.
In the second example, we consider 10-channel data that are exponentially distributed. Fig. 2 compares the CP mean and standard error estimates obtained via the response pooling, FLD and RELAX-MUSIC approaches as the number of channels combined increases from 1 to 10. Again we found that the CP mean estimates obtained via the RELAX-MUSIC approach significantly outperforms those obtained via the FLD and response pooling.
B. Experimental Results
In the experiment, SUA data from five channels were simultaneously collected. The spiking response of each neuron was smoothed by a Gaussian kernel with a width of 20 ms. The estimates of the CP and the p value obtained via random sampling within each of the 20 sessions of the simultaneously recorded multichannel data from two monkeys are given (10 sessions for either monkey). Fig. 3(a) shows the CP mean and standard error estimates obtained via the response pooling, FLD and RELAX-MUSIC approaches as the number of channels combined increases from 1 to 5. It can be seen that the CP estimates obtained via the response pooling approach is much worse than the FLD and RELAX-MUSIC approaches and that RELAX-MUSIC has better performance than FLD. Our results [ Fig. 3(a) ] also suggests that, for real data the CP estimates obtained via the RELAX-MUSIC and FLD methods might converge as more channels become available. A permutation test is used to assess the statistical significance of the CP of the combined signals relative to the chance performance of 0.5. In this test, we disrupt the correlation between neuronal responses and choices by randomly permuting the choices while keeping the neuronal responses fixed. This procedure is repeated 2000 times. Each time we calculate a new CP based on the permuted data and record the absolute value of the difference between the new CP and the chance performance of 0.5. The absolute value of the difference between the original CP and 0.5 is also recorded and we refer to it as the measured value. Among those 2000 new values obtained after the permutation test, the proportion that is larger than the measured value corresponds to the p value. Fig. 3(b) compares the mean and standard error estimates of the p value of the CP from permuting the combined signals obtained via the response pooling, FLD and RELAX-MUSIC approaches as the number of channels combined increases from 1 to 5. Clearly, the RELAX-MUSIC approach has the smallest p values and hence its CP estimates are statistically most significant among the three methods.
IV. CONCLUSION
In this letter, we have exploited a distribution-free relaxation based multichannel signal combination (RELAX-MUSIC) approach to optimally predict behavioral choices from observed neural activity. We have utilized the area under the ROC curve, also called CP, to quantify the predictability of a reported percept during bistable visual stimulation. We have employed a permutation test to assess the statistical significance of the CP. The RELAX-MUSIC approach requires only simple pairwise combination and recursive implementation for optimizing the area under the ROC curve. We have shown that the RELAX-MUSIC approach outperforms the commonly used response pooling and FLD methods. Simulated and experimental examples have demonstrated the effectiveness of the RELAX-MUSIC approach for predicting perceptual decisions from neuronal data.
